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Abstrat
We study the dynamis near innity of polynomial mappings f in C2. We
assume that f has indeterminay points and is non onstant on the line at
innity L∞. If L∞ is f -attrating, we deompose the Green urrent along
itineraries dened by the indeterminay points and their preimages. The
symboli dynamis that arises is a subshift on an innite alphabet.
MSC: 37F10, 37B10
Keywords: Polynomial mapping, Green urrent, subshift.
1 Introdution
We are interested in the dynamis of polynomial mappings f in C2 whose mero-
morphi extensions to P
2
admit indeterminay points and for whih the line at
innity (whih we denote by L∞) is f -attrating (that is: there exists C > 1 suh
that for p ∈ C2 with ‖p‖ large enough, one has ‖f(p)‖ ≥ C‖p‖). In partiu-
lar, given any large ball B in C
2
, these maps are polynomial-like in the sense of
[DS03℄ from f−1(B) to B. The dynamis is studied there: there exists an invari-
ant probability measure whih is K-mixing and of maximal entropy. Our goal is
to study the dynamis near innity, espeially the struture of the Green urrent,
whih is a positive losed urrent of bidegree (1,1) invariant under the ation of f∗.
In [DDS05℄, the authors onsider the ase where f∞, the restrition of f to
L∞, is onstant and they deompose the Green urrent into piees assoiated to
an itinerary dened by indeterminay points. On the basin of attration of the
indeterminay set, the itinerary map semi-onjugates f to a shift.
Another ase whih has been studied is when f admits a holomorphi exten-
sion to P
2
: in [BJ00℄, the authors showed the Green urrent admits a loal laminar
deomposition onsisting of loal stable manifolds of f to the Julia set of f∞.
Applying one dimensional theory, one also obtains in this ase a dynamis semi-
onjugated to a shift.
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We study here a mixed situation. We assume that f admits indeterminay
points on L∞ and that f∞ is not a onstant funtion. In order to desribe learly
the new phenomena happening here, we onsider the ase where f∞ is hyperboli.
The method we use allows to study more general ases. We will omplete our
study by giving several examples. In the hyperboli ase, we show that the Green
urrent deomposes along some itineraries dened by the indeterminay points and
theirs preimages. Surprisingly, the loal stable manifolds assoiated to the Julia
set of f∞ are not harged by the Green urrent. Furthermore, the symboli dynam-
is we obtain is a subshift (a Markov hain), whih is new for polynomial mappings.
The main tools we use are horizontal-like maps and a theorem of onvergene
of urrents proved in [Duj04℄ and [DDS05℄. Roughly speaking, suh appliations
are ontrating in the vertial diretion and expanding in the horizontal one in a
geometrial sense. For the reader's onveniene, we give the basi properties of
those objets.
Next, we dene and study the basi properties of the family G of maps we
onsider. We give a simple suient ondition for a map f to be in G and we prove
the algebrai stability. Then, by a theorem of Sibony [Sib99℄, one an assoiate to f
a natural invariant urrent (Green urrent). We give an easily omputable formula
for the trae of the Green urrent at innity. This trae is a probability measure
whih is a ombination of Dira masses at the indeterminay points and theirs
preimages. Under some additional hypothesis, we also ompute the topologial
degree.
We then study the deomposition of the Green urrent on a neighborhood of
innity under the hypotheses that the indeterminay set is loated in the Fatou
set of f∞, with no indeterminay point being periodi for f∞ and that f∞ is hy-
perboli. This set of maps ontains an open subset of G. The deomposition of
the Green urrent semi-onjugates f to a subshift on an innite alphabet. Un-
der some additional hypothesis, we show that the range of the esape rate (whih
measures the asymptoti speed at whih a point goes to innity) is a full interval
whih is new for polynomial maps and we ompute a mean esape rate. We will
explain briey how to obtain a weaker deomposition of the Green urrent in a
more general ase. Finally, we study examples, in partiular the ase where the
indeterminay points are loated in the exeptionnal set of f∞, in this ase the
support of the Green urrent is stritly ontained in the Julia set of f .
2 Polynomial maps with dynamis at innity
2.1 Horizontal-like maps
We reall here the fats we use on horizontal-like maps. Proofs and details an be
found in [Duj04℄ and [DDS05℄.
Let D (resp. Dr) be the unit disk (resp. the disk of radius r entered at 0) in
2
C. Let ∆ be the unit bidisk in C2, we denote its vertial boundary by ∂v∆, and
its horizontal boundary by ∂h∆. Namely:
∂v∆ = {(z, w) ∈ C2, |z| = 1, |w| < 1} and ∂h∆ = {(z, w) ∈ C2, |z| < 1, |w| = 1}.
We have the following denitions:
Denition 2.1 Let ∆i ⊂Mi be an open subset biholomorphi to ∆ in the omplex
surfae Mi for i = 1, 2. Let f be a dominating meromorphi map dened in some
neighborhood of ∆1 with values in M2. The triple (f,∆1,∆2) denes a horizontal-
like map if:
• f has no indeterminay points in ∂v∆1 and f(∂v∆1) ∩∆2 = ∅;
• f(∆1) ∩ ∂∆2 ⊂ ∂v∆2;
• f(∆1) ∩∆2 6= ∅.
Denition 2.2 A positive losed (1,1)-urrent T in ∆ is vertial if:
SuppT ⊂ D1−ε × D for some ε > 0.
Similarly, we an dene horizontal urrents.
We an dene the (horizontal) slie measures mw0 of a vertial positive losed
(1,1)-urrent T by T ∧ [w = w0]. These measures have the same mass, whih
we all the slie mass of T . The urrent T is zero if and only if its slie mass is
zero. The main fat is that we an dene the pull-bak of suh a urrent by a
horizontal-like map, and we have the following:
Let (f,∆1,∆2) be a horizontal-like map then there exists a positive integer d ≥ 1
suh that for every vertial positive losed urrent T in ∆2 of slie mass 1,
1
d
f∗(T )
is a vertial positive losed urrent in ∆1 of slie mass 1.
We all this integer the degree of f , it an be omputed as the intersetion
multipliity of the preimage of a vertial line with a horizontal line. The following
result is our main tool to obtain the onvergene in Theorem 3.5:
Theorem 2.3 ([DDS05℄) Let {(fi,∆i,∆i+1)}i≥1 be a sequene of horizontal-like
maps of degree di suh that (fi)
−1(∆i+1) ⊂ D1−ε × D ⊂ ∆i for a xed ε > 0.
Assume that K =
⋂
n≥1 f
−1
1 . . . f
−1
n (∆n+1) has zero Lebesgues measure. For eah
n, let Tn be a vertial positive losed (1,1)-urrent of slie mass 1 in ∆n.
Then, the sequene of iterated pull-bak ( 1
d1
f∗1 . . .
1
dn
f∗nTn+1)n onverges to a
vertial positive losed urrent τ of slie mass 1 in ∆1 whih is independent of
(Tn).
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2.2 The lass G
We are interested in the study of the polynomial mappings f of C2 for whih L∞
is attrative. Namely, there are onstants C > 1 and M large enough suh that for
‖p‖ ≥ M , we have ‖f(p)‖ ≥ C‖p‖. We also assume that the meromorphi exten-
sion of f to P2 admits indeterminay points, we still denote by f that extension.
The ase where the restrition f∞ of f to L∞ is onstant was studied in [DDS05℄,
so we will assume that f∞ is not onstant. We denote by G the set of mappings
satisfying the above properties (in fat, we are partiularly interested in the ase
where f∞ is hyperboli and where the indeterminay points are not periodi for
f∞).
Let f = (f1, f2) of algebrai degree D be in G. We denote by f+1 and f+2 the
homogeneous parts of maximal degree. After a linear hange of oordinates, we
an assume deg f+1 = D and deg f
+
2 = D
′ ≤ D. The meromorphi extension of f
to P
2
is given by [TDf1(Z/T,W/T ) : T
Df2(Z/T,W/T ) : T
D] and the restrition
of f to L∞ = (T = 0) is f∞[Z : W ] = [f
+
1 (Z,W ) : 0
D−D′f+2 (Z,W )]. Thus, in
order to have f∞ not onstant, we need D = D
′
and f+1 not proportional to f
+
2
(otherwise, f sends L∞ to [1 : 0 : 0] or [1 : λ : 0]).
The indeterminay set I(f) of f is the ommon zeros of f+1 and f
+
2 : if the
line D of equation ajz − bjw = 0 satises f+1 (D) = {0} and f+2 (D) = {0} then
[bj : aj : 0] is in I(f).
One dedues from above that all the mappings of G an be written as:
f(z, w) =
( ∏
j≤m
(ajz − bjw)αjP1(z, w) +Q1(z, w),
∏
j≤m
(ajz − bjw)αjP2(z, w) +Q2(z, w)
)
, (1)
where the aj and bj are omplex numbers satisfying (aj , bj) 6= (0, 0), m and the
αj are positive integers, P1 and P2 are homogeneous polynomials of degree d
′ ≥ 1
with no ommon fator and the Qj are polynomials of degree stritly smaller than
the degree of f . We denote by d the sum
∑
j≤m αj , so that f is of degree d+d
′ = D.
We have the following formula for the extension of f to P2:
f([Z : W : T ]) =
[ ∏
j≤m
(ajZ − bjW )αjP1(Z,W ) + TDQ1(Z
T
,
W
T
) :
∏
j≤m
(ajZ − bjW )αjP2(Z,W ) + TDQ2(Z
T
,
W
T
) : TD
]
thus f∞([Z : W ]) = [P1(Z,W ) : P2(Z,W )]. Reall that the multipliity of an in-
determinay point I is the intersetion multipliity at I of L∞ and f
−1(L) where
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L is a generi line. The indeterminay points of f are the Ij = [bj : aj : 0] with
multipliity αj . We assume of ourse that the (aj , bj) are not proportional.
The following proposition shows that we an nd f with any given set of inde-
terminay points with multipliity and any given restrition at innity. Further-
more, it shows that for D ≥ 3, G orreponds to a Zariski open set of the spae of
parameters of (1). If d = d′ = 1, we may have to multiply f satisfying the riterion
below by a large enough onstant in order to have that the innity is attrating.
Proposition 2.4 Let f = (f1, f2) be as in (1). Assume that the polynomial Φ =
f1P2 − f2P1 is of degree ≥ 2 + d′. If for all j, ajz − bjw does not divide the
homogeneous part of maximal degree of Φ, then L∞ is f -attrating.
Proof. Let f be as above and N be a small neighborhood of innity. Observe
that for any neighboorhood V of I(f), there exists a onstant C suh that if
p = (z, w) ∈ N\V we have C‖p‖D ≤ ‖f(p)‖. So we just have to prove the
estimate on V . Sine P1 and P2 have no ommon fator, there is λ > 0 suh
that max(|P1(z, w)|, |P2(z, w)|) ≤ λ‖(z, w)‖d′ on N . The hypothesis implies that
|Φ(z, w)| & ‖(z, w)‖deg Φ near I(f), hene:
2‖f(z, w)‖ ≥ |Φ(z, w)|
max(|P1(z, w)|, |P2(z, w)|) & ‖(z, w)‖
2 .
The proposition follows. 
Observe that for a generi map g ∈ G, we have degΦ = 2d′ + d − 1. The
riterion is not optimal, but it is generi for D ≥ 3 and easy to hek. If D = 2,
we obtain in the same way that ‖f(z, w)‖ & ‖(z, w)‖.
We use the notation of (1) in the following proposition.
Proposition 2.5 Let f and g be in G then f ◦ g ∈ G. More preisely, if f =
(PQ1+R1, PQ2+R2) is of degree D and g = (P
′Q′1+R
′
1, P
′Q′2+R
′
2) is of degree
D′ then f ◦ g = (P ′′Q′′1 +R′′1 , P ′′Q′′2 +R′′2) where:
P ′′ = (P ′)DP (Q′1, Q
′
2), Q
′′
1 = Q1(Q
′
1, Q
′
2), and Q
′′
2 = Q2(Q
′
1, Q
′
2).
In partiular, f ◦ g is of degree D +D′.
Proof. With the above notations, the homogeneous part of maximal degree of the
omponents of f ◦ g are equal to:
P (P ′Q′1, P
′Q′2)Q1(P
′Q′1, P
′Q′2) = (P
′)DP (Q′1, Q
′
2)Q1(Q
′
1, Q
′
2)
and
P (P ′Q′1, P
′Q′2)Q2(P
′Q′1, P
′Q′2) = (P
′)DP (Q′1, Q
′
2)Q2(Q
′
1, Q
′
2).
We only have to hek that Q1(Q
′
1, Q
′
2) and Q2(Q
′
1, Q
′
2) have no ommon fator:
else, sine two homogeneous polynomials have no ommon fator if and only if they
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have no ommon non trivial zero and sine Q1 and Q2 have no ommon fator, we
would have that Q′1 and Q
′
2 have a non trivial ommon zero. 
Reall that a meromorphi mapping f : P2 → P2 is said to be algebraially
stable if no algebrai urve is sent to an indeterminay point after some itera-
tions, equivalently, if f is of algebrai degree D then fn is of degree Dn for all
n ≥ 1. For suh maps, the Green funtion and the Green urrent are dened by
G(p) = limn→∞(
1
Dn
log+ ‖fn(p)‖) and T = ddcG (see [Sib99℄). Moreover, if S is a
smooth positive losed (1,1)-urrent of mass 1 on P
2
then
1
Dn
(fn)∗(S)→ T in the
sense of urrents. We dedue the important following orollary from the previous
proposition:
Corollary 2.6 Let f ∈ G and n ∈ N, then deg fn = Dn so f is algebraially
stable. Furthermore, (f∞)
n = (fn)∞.
2.3 Multipliity of the indeterminay points, trae of the Green
urrent at innity
Let E denote the set
⋃
n≥0 f
−n(I(f)) =
⋃
n≥0 I(f
n). For p ∈ E, we denote by
λp,n the real number equal to the multipliity at p of f
n
as an indeterminay point
divided by Dn, that is: λp,n =
multp(fn)
Dn
(these numbers will appear in the symboli
dynamis of f ). We have the following lemma:
Lemma 2.7 For all p ∈ E, (λp,n) is an inreasing sequene bounded by 1. Let λp
be its limit. Then: ∑
p∈E
λp = 1.
Proof. Write fn = (PnQ1,n + R1,n, PnQ2,n + R2,n). Reall that I(f
n) is the
intersetion of L∞ with the zero set of Pn. By Proposition 2.5:
Pn+1 = (Pn)
DP (Q1,n, Q2,n).
Hene, (λp,n) is inreasing sine (Pn)
D
is a fator of Pn+1.
Set dn = deg(Pn) and d
′
n = deg(Qi,n). We dedue from Proposition 2.5:
d′n = (d
′)n and dn = D
n − (d′)n.
So,
∑
p∈E λp,n =
dn
Dn
→ 1. This ompletes the proof. 
Remarks
1. In a way, the indeterminay points of fn take asymptotially all the available
degree, so they arry the main part of the dynamis near L∞ (f. Proposition
2.8).
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2. The sequene (λp,n)n an be stritly inreasing as we will see in the last two
examples of Setion 3.6. One an hek that (λp,n)n is stritly inreasing
after some rank if and only if p is preperiodi.
Reall that, on C
2
, for f in G of degree D, the sequene of positive funtions
(un =
1
Dn
log+ ‖fn(z, w)‖) almost dereases (i.e. (un + cn)n is dereasing for
some sequene of onstant (cn)n dereasing to zero) to the Green funtion u of f
whih is a potential of the Green urrent T . Furthermore, the funtion u˜(z, w) =
u(z, w) − 12 log(|z|2 + |w|2 + 1) is a bounded quasi-plurisubharmoni funtion on
C
2
, thus it extends to P
2
, and this extension satises ddcu˜ = T − ωFS where ωFS
is the Fubini-Study form on P
2
.
We will see in Proposition 2.8 that u˜|L∞ is not identially equal to −∞ so we
an dene the measure m∞ = T ∧ [L∞] whih is the trae of the Green urrent at
innity. Sine the sequene of funtions u˜n(z, w) := un(z, w) − 12 log(|z|2 + |w|2 +
1) is almost dereasing, m∞ is the limit in the sense of urrent of the sequene
((ddcu˜n(z, w)+ωFS)∧ [L∞]). In partiular, we have m∞ = ddc(u˜|L∞)+(ωFS)|L∞ .
The next proposition shows that m∞ is a ombination of Dira masses at the
points of E, with omputable oeients.
Proposition 2.8 Let f be in G and u˜ be as above. For p ∈ E, we denote by
[ap : bp : 0] its homogeneous oordinates. Then:
u˜([z : w : 0]) = log+(
∏
p∈E
|apw − bpz|λp)− 1
2
log(|z|2 + |w|2).
In partiular, we have the formula:
m∞ =
∑
p∈E
λpδp
where δp is the Dira mass at p.
Proof. With the above notations, we have that in C
2
:
u˜n(z, w) =
1
Dn
log+ ‖(PnQ1,n +R1,n)(z, w), (PnQ2,n +R2,n)(z, w)‖
−1
2
log(|z|2 + |w|2 + 1).
So, rst apart from the point of E, and hene everywhere on L∞ by semi-ontinuity,
the extension is given by:
u˜n([z : w : 0]) =
1
Dn
log ‖(PnQ1,n)(z, w), (PnQ2,n)(z, w)‖ − 1
2
log(|z|2 + |w|2)
By denition of the λp,n and Corollary 2.6, there is a onstant Cn depending on
the hoie of the oordinates of the elements of E suh that:
u˜n([z : w : 0]) =
∑
p∈E
λp,n log |apw−bpz|+ 1
Dn
log ‖fn∞[z : w]‖+Cn−
1
2
log(|z|2+|w|2).
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From one-dimensional theory, we know that
1
d′n
log |(f∞)n[z : w]− 12 log(|z|2+ |w|2)
onverges to a ontinuous funtion on L∞ and
∑
p∈E λp,n log(|apw−bpz|) onverges
thanks to the previous lemma. The last identity and the fat that d′ < D imply
the rst formula in the proposition. The formula giving m∞ is then lear by the
Poinaré formula. 
Remark. The previous proof an be applied to all the algebraially stable polyno-
mial maps of C
2
with indeterminay points on L∞.
2.4 Topologial degree
Let N be a small enough neighborhood of L∞ and V be a neighboorhood of I(f),
then there are onstants C and C ′ suh that for p in N\V , we have:
C‖p‖D ≤ ‖f(p)‖ ≤ C ′‖p‖D.
Let us assume here that the onsidered mapping satises in addition: for all I ∈
I(f), there exist a number lI , a neighborhood V (I) of I, a neighborhood V (f∞(I))
of f∞(I) and onstants C1 and C2 suh that for all p ∈ V (I) with f(p) /∈ V (f∞(I)),
we have:
C1‖p‖lI ≤ ‖f(p)‖ ≤ C2‖p‖lI (2)
This ondition is easy to hek in pratie. Under these assumptions, we an
ompute the topologial degree of f whih is the mass of the pull-bak of any
probability measure by f . The dierene with the ase with no dynamis on L∞
is that we have to ount the number of preimages of a generi line by f∞. We have
the following proposition:
Proposition 2.9 Let f ∈ G satisfying (2). Then the topologial degree of f is
given by:
dt =
∑
I∈I(f)
lIαI + d
′D.
In partiular, we have dt > D.
Proof. Let L be a generi line, we onsider the probability measure [L∞] ∧ [L]
(whih is the Dira mass at the intersetion of L and L∞). By denition, its
pull bak by f is of mass dt. After some hange of oordinates, we an assume
that the point [1 : 0 : 0] is not on L and f−1(L). So we work in the oordinates
(u, v) = (Z/W,T/W ) where a potential of L∞ = (v = 0) is ϕ(u, v) = log |v|. We
must ompute: ∫
P2
f∗([L∞] ∧ [L]) =
∫
f−1(L)
ddc(ϕ ◦ f).
For eah I in I(f), let BI be a bidisk in V (I) for the (u, v) oordinates, and for
eah p in f−1∞ (L∞ ∩ L) let Bp be a bidisk around p. Sine L is a generi line, we
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an assume that f−1∞ (L∞ ∩ L) ∩ I(f) = ∅ and that all those bidisks are disjoint.
The previous integral beome:
dt =
∑
I∈I(f)
∫
f−1(L)∩BI
ddc(ϕ ◦ f) +
∑
p∈f−1∞ (L∞∩L)
∫
f−1(L)∩Bp
ddc(ϕ ◦ f).
Observe that ϕ◦f−lI log |v| is a bounded pluriharmoni funtion on BI\L∞ thanks
to (2), so it denes in fat a pluriharmoni funtion on BI . Hene, on these bidisks,
ddc(ϕ ◦ f) is equal to lI times the urrent of integration on L∞. Using the same
argument for Bp, we dedue:
dt =
∑
I∈I(f)
∫
f−1(L)∩BI
lIdd
c(log |v|) +
∑
p∈f−1∞ (L∞∩L)
∫
f−1(L)∩Bp
Dddc(log |v|)
whih is what we wanted sine
∫
f−1(L)∩BI
ddc(log |v|) = αI is the intersetion
multipliity at I of L∞ and f−1(L) and sine there are d′ preimages of L∩L∞ by
f∞. 
3 Struture of the Julia set and of the Green urrent
near innity
We assume in this setion that f∞ is uniformly hyperboli (i.e. the forward or-
bit of eah ritial point onverges towards some attrating periodi orbit), and
that the indeterminay points are not in the Julia set J∞ of f∞. After a unitary
hange of oordinates, we an assume that [1 : 0 : 0] is not in J∞ ∪ E. Hene
(u, v) = (Z/W,T/W ) is a oordinate system of a neighborhood of L∞\[1 : 0 : 0]
where L∞ = (v = 0). We also need the hypothesis that the indeterminay points
are not periodi.
We onstrut suitable boxes (polydisks) around the elements of E suh that f
denes horizontal-like maps between these boxes.
After deomposing the Julia set into piees near innity, we onstrut a subshift
on EN. We then deompose the Green urrent along these piees by pulling-bak
a smooth vertial positive losed (1, 1)-form in the boxes whih gives the Green
urrent in a neighborhood of innity. Observe that the set of maps we onsider
ontains an open set in the spae of parameters.
Next, we give an appliation for the esape rate of f and we explain how to
obtain a weaker deomposition in the more general ase where some indeterminay
points are in J∞. Finally we explain our results through examples.
3.1 Constrution of the boxes
The purpose of this setion is to prove the following proposition:
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Proposition 3.1 For all p in E, there is a bidisk ∆p entered at p suh that
f indues by restrition a horizontal-like map from ∆p to ∆q for all q ∈ E if
p ∈ I(f) and for q = f∞(p) if p is not an indeterminay point. We denote by fp,q
this restrition.
The bidisks an be taken arbitrarily small. We an hoose them so that for
all I ∈ I(f) and all q ∈ E − {I} then ∆I ∩ ∆q = ∅, and for all p ∈ E and all
q, q′ ∈ f−1∞ (p) then ∆q ∩∆q′ = ∅.
Sine f∞ is uniformly hyperboli, we an put a smooth onformal metri g on
L∞ suh that ‖Df∞(z)‖g ≥ λ > 1 on J∞. Let us remark that E is disrete in the
Fatou set F∞ := L∞\J∞ sine the only omponents of F∞ are basins of attration
of periodi yles and E = E∪J∞ (see [Mil99℄). The idea is rst to onstrut disks
on L∞ whih will be thikened to get bidisks. So, we use the following lemma:
Lemma 3.2 There is a onstant c > 0 suh that for all p in E, there exists a disk
Dp for the metri g suh that if p ∈ I(f) and q ∈ E then distg(f∞(∂Dp),Dq) ≥ c
and if p ∈ E\I(f) then distg(f∞(∂Dp),Df∞(p)) ≥ c. Furthermore, we an hoose
the radii of those disks to be bounded and arbitrarily small.
Proof. Let U be an open neighborhood of J∞ in L∞ with smooth boundary suh
that ‖Df∞(z)‖g ≥ ρ > 1 on U and f−1∞ U ⊂ U . There is only a nite number of
elements ofE in L∞\U . Modifying U if neessary, we an assume that I(f)∩U = ∅
and ∂U ∩ E = ∅.
For I ∈ I(f) suh that f∞(I) /∈ E, we onsider DI a disk entered at I on
L∞ for the metri g with f∞(DI) far from the other points of E. Restriting DI
if neessary, we an assume that for all p in f−1∞ {I} there is a disk Dp entered
in p on L∞ suh that f∞(∂Dp) ∩ DI = ∅ (we use the fat that f∞ is open). We
iterate this onstrution with the preimages of all the p till all of them are in U .
Of ourse, we may have to shrink DI at eah step. We apply this proess to all
the elements of I(f) suh that f∞(I) /∈ E.
Sine we assumed the elements of I(f) are not periodi for f∞, we then have
disks Dp for all the p in E\U suh that f∞(∂Dp) ∩ Df∞(p) = ∅. Let r be the
smallest radius of all these disks. It an be hosen arbitrarily small.
Next, by hyperboliity, there is some ε0 > 0 suh that f∞ is injetive on any
disk Dg(z, ε0) for all z in f
−1
∞ U , and is losed to its dierential. Namely, for all
ε ≤ ε0, there is a ρ′ > 1 suh that we have Dg(f(z), ρ′ε) ⋐ f∞(Dg(z, ε)) for z in
f−1∞ U . Then, for r small enough, we have some r
′
suh that for all p in E ∩ f−1∞ U ,
the disk Dp = Dg(p, r
′) satises f∞(∂Dp) ∩ Df∞(p) = ∅. The existene of the on-
stant c > 0 is then lear by onstrution for p ∈ L∞\f−1∞ (U) and by hyperboliity
for p ∈ E ∩ f−1∞ (U). 
Proof of Proposition 3.1. Reall that the line at innity is f -attrating: there
is a onstant C > 1 suh that for M = (z, w) in C2 with ‖M‖ ≥ A, we have
‖f(M)‖ ≥ C‖M‖ where ‖ ⋆ ‖ denotes the eulidean norm. Furthermore:
‖M‖2 = |z|2 + |w|2 = |u
v
|2 + |1
v
|2.
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If p = (up, vp), dene∆p = Dp×{v < ǫ√
1+|up|2
} with ε small. ForM = (u, v) ∈ ∆p,
we have that
(1 + ν)−1(|up|2 + 1)|1
v
|2 ≤ ‖M‖2 ≤ (1 + ν)(|up|2 + 1)|1
v
|2
where ν > 0 depends only on the radius of Dp (sine u is uniformly bounded) and
goes to zero with it. We take the radii of the Dp small enough so that the square
of the norm of an element in ∆p is lose to (|up|2 + 1)| 1v |2.
We hoose ε so that all the∆p are in the domain where the innity is attrating.
Restriting r′ whih is the supremum of the radii of the disks Dp if neessary, we an
assume that f(∆p)∩∂∆q ⊂ ∂v∆q for all q if p is an indeterminay point and for q =
f(p) otherwise. Now, using the uniform ontinuity of f in the omplement of some
small neighborhood of the indeterminay set and the existene of c in Lemma 3.2,
we an hoose ε so that f(∂v∆p)∩∆q = ∅ for all q ∈ E if p ∈ I(f) and for q = f(p)
otherwise. Finally, sine the image of any small neighborhood of an indeterminay
point by f ontains the whole line at innity, we have f(∆p) ∩∆q 6= ∅. The last
part of the proposition is lear for r′ small enough (we use the hyperboliity of f
one again here). 
3.2 Constrution of the subshift
Now, we dene the symboli dynamis whih will appear in the deomposition of
the Green urrent. First, we will need to know the degree of the horizontal-like
maps (fp,q). Reall that αi is the multipliity of the indeterminay point Ii ∈ I(f).
We take the notations of (1). The following lemma is lear:
Lemma 3.3 1. If p is in E\I(f), then the degree of fp,q is the loal degree of
f∞ at p,
2. if p = Ij is in I(f) and q 6= f∞(Ij), then the degree of fp,q is αj,
3. if p = Ij is in I(f) and q = f∞(Ij), then the degree of fIj ,f∞(Ij) is the sum
of αj and the loal degree of f∞ at Ij .
Dene Σ′ = EN and Σ = {(αn) ∈ Σ′, fun,un+1 exists}, the spae of itineraries
between indeterminay points and theirs preimages. We onsider the left shift σ
on Σ and Σ′. Dene N =
⋃
p∈E ∆p. For α ∈ Σ, let us onsider:
Kα = {p ∈ N, f j(p) ∈ ∆α(j)}.
Then, for all α ∈ Σ, Kα is not empty as a dereasing intersetion of vertial losed
sets in ∆α(0). Let K be the union of all the Kα so that K ⊂ N .
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Observe that T ∧ [L∞] is the slie of T by (v = 0). Using the formula giving
the trae of T on L∞ and the invariane of T (f
∗T = DT ), we have that:
∀p ∈ E,λp = 1
D
∑
q∈E
dp,qλq
with the onvention that dp,q = 0 if fp,q is not dened. For all p ∈ E, we dedue:
1 =
∑
q∈E
dp,qλq
Dλp
. (3)
For example, if p is not an indeterminay point, we have that all the dp,q are zero
exept for q = f(p) and the formula beomes:
1 =
dp,f(p)λf(p)
Dλp
.
And if p = I is in the indeterminay set with dI,q onstant (i.e. f∞(I) /∈ E), then:
1 =
∑
q∈E
λq.
Let A := (aqp)p,q∈E be the innite matrix dened by a
q
p =
dp,qλq
Dλp
. The entry apq an
be seen as the probability to go from ∆p to ∆q by f in term of slie mass (see the
proof of Theorem 3.5). Of ourse, if p is not an indeterminay point, one always
goes to ∆f(p) (the probability is 1). We put on Σ the Borel measure ν dened by:
ν({α ∈ Σ, α(0) = α0, . . . , α(n) = αn}) = λα0 ×
n−1∏
i=0
aαi+1αi = λαn ×
n−1∏
i=0
dαi,αi+1
D
.
Proposition 3.4 The left shift σ on Σ denes a subshift for whih the measure ν
is invariant and mixing.
Proof. Denitions and fats on symboli dynamis and espeially subshift an be
found in [KH95℄, pp. 156-158. By (3), we already have for all p ∈ E that
∑
q
aqp = 1 (4)
What remains to be proved is that the vetor (λp) is an eigenvetor for the matrix
tA assoiated with the eigenvalue 1 (that gives the invariane of ν). That is:
∑
p
aqpλp = λq (5)
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whih is lear again by (3).
Furthermore, the matrix A is transitive in the sense that for eah (p, q) the
entry of index (p, q) in An is strily positive for some n (it is lear if p is in the
indeterminay set for n = 1 and if p ∈ f−j(I(f)), then it is true for n = j + 1).
We dedue that ν is mixing. 
Remark. We an onsider only a nite part of E ontaining the indeterminay
points and their preimages up to some order and regroup the rest of the elements
of E in a same box. Then we an obtain a nite Markov hain, but we lose some
part of the information.
3.3 Deomposition of the Green urrent
Let us denote by Lp,q the operator 1dp,q f∗p,q ating on vertial urrents. Reall
that f is a polynomial map of C2 having indeterminay points on L∞ whih is
f -attrating. The map f∞ is hyperboli and the indeterminay points of f are on
the Fatou set of f∞ and not periodi. We an now prove our main theorem:
Theorem 3.5 1. There exists an at most ountable set Θ ⊂ Σ suh that for all
α ∈ Σ\Θ, there is a unique urrent Tα satisfying the following property: for all
sequene of urrents (Sk+1) of bidegree (1,1), positive, losed, vertial in ∆α(k+1)
of slie mass 1, we have:
Lα(0),α(1) . . .Lα(k),α(k+1)Sk+1 → Tα.
2. The Green urrent T admits the following deomposition in N :
T =
∫
Σ
Tαdν(α).
Proof. Sine K = ⋃Kα, only a ountable number of Kα have positive Lebesgues
measure. Then Theorem 2.3 implies the rst part.
For the seond part, let S′p be a smooth positive losed (1,1)-form in P
2
suh
that near L∞, S
′
p has its support in ∆
′
p = D
′
p × {v < ǫ√1+|up|2}, with D
′
p ⋐ Dp.
Let Sp be the restrition of S
′
p to ∆p, it is a vertial positive losed urrent.
Normalize S′p so that Sp is of slie mass λp. Observe that if S
′ =
∑
S′p then
lim 1
Dn
(fn)∗(S′) =
∑
lim 1
Dn
(fn)∗(S′p) = T sine
∑
λp = 1. Dene S =
∑
Sp.
Finally, write:
Σn = {(a0, a1, . . . , an−1) ∈ En|∃α ∈ Σ,∀i ≤ n− 1, ai = α(i)}
and for a ∈ Σn, write Ca for the ylinder:
{α ∈ Σ| α(0) = a0, . . . , α(n − 1) = an−1}.
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Pulling bak S by f gives:
1
D
f∗S =
1
D
∑
p,q∈E
f∗p,qSq
=
∑
α∈Σ1
dα(0),α(1)
D
Lα(0),α(1)Sα(1).
We iterate:
1
Dk
(fk)∗S =
∑
α∈Σk
∏k−1
i=0 dα(i),α(i+1)
Dk
Lα(0),α(1) . . .Lα(k−1),α(k)Sα(k)
=
∑
α∈Σk
ν(Cα)Lα(0),α(1) . . .Lα(k−1),α(k)
Sα(k)
λk
.
The left hand side goes to the Green urrent T . By the rst part of the theorem,
the general term of the right hand side tends to Tα for α generi so we get the
result by dominated onvergene. 
Remark. The dynamis of f near innity is semi-onjugated to the subshift σ in
the sense that f(Kα) ⊂ Kσ(α).
We see that the urrent is arried by K whih does not meet J∞. So, as announed
in the introdution, the loal stable manifolds to the Julia set of f∞ do not arry
any part of the Green urrent, but they are ontained in its support.
3.4 Esape rate
We take f ∈ G satisfying the ondition (2), we also suppose that f∞(I(f))∩E = ∅
(else, we would have p in E suh that f(p) ∈ f(V (I(f)))). We want to ompute the
possible values of the upper esape rate l¯ where log(l¯) = lim sup 1
n
log+ log+ ‖fn‖
whih beomes lim sup 1
n
log log(‖fn‖) in N . In the same way, we dene the lower
esape rate l and we are interested in knowing where these two funtions math
up, in whih ase we note l their ommon value whih we simply all the esape rate.
For p ∈ E\I(f), we set lp = D. We have the following lemma:
Lemma 3.6 Let α ∈ Σ and q ∈ Kα. We have:
1
n
log log ‖fn(q)‖ = 1
n
log(lα(0)lα(1) . . . lα(n−1)) +O(
log n
n
).
Proof We have onstants c1 and c2 suh that:
c1 ≤ log ‖f j+1(q)‖ − lα(j) log ‖f j(q)‖ ≤ c2.
Taking a ombination of these inequalities for j ≤ n− 1 gives:
14
c1
( n−1∑
j=0
lα(j+1) . . . lα(n−1)
)
+ lα(0) . . . lα(n−1) log ‖q‖ ≤ log ‖fn(q)‖,
with a similar inequality for the right hand side. Taking the logarithm and dividing
by n give:
∣∣∣ 1
n
log log ‖fn(q)‖− 1
n
log(lα(0) . . . lα(n−1))
∣∣∣ ≤ 1
n
log
(
log ‖q‖+C
n−1∑
j=0
1
lα(0) . . . lα(j−1)
)
The sum in the right hand side is a O(n) whih onludes the proof. 
Choosing a suitable α, we dedue from the lemma that the range of the esape
rate in N is [min lI ,D] (the details are left to the reader). In this ase, it is
interesting to observe that the set of possible esape rates is an interval whih is a
new property for polynomial mappings. Let λ denote the slie mass 1−∑I∈I(f) λI
of T outside a neighborhood of I(f). We have the following theorem:
Theorem 3.7 For ‖T‖-almost every point q in N , the esape rate l(q) exists and
is equal to Dλ
∏
I∈I(f) l
λI
I .
Proof. Sine the left shift σ is ergodi for ν, the Birkho's ergodi theorem yields
that for ν-almost every α:
exp
( 1
n
n−1∑
i=0
log lσi(α)(0)
)
→ exp(
∫
Σ
log lα(0)dν) = D
λ
∏
I∈I(f)
lλII .
And the theorem follows from the previous lemma and Theorem 3.5. 
3.5 Generalization
In the ase where some indeterminay points are on J∞ (possibly periodi), we
an obtain a deomposition of the Green urrent by building a over of J∞ by
disks suh that for all D in this over, there exist disjoint disks D1,D2, . . . ,Dd′ in
the over with f−1∞ (D) ⊂ D1 ∪ D2 ∪ · · · ∪ Dd′ and D ⋐ f∞(Di) for all i ≤ d′. The
trik is to have two disks DI and D
′
I around eah indeterminay point I ∈ I(f) so
that ∂f∞(DI) ∩ D = ∅ or ∂f∞(D′I) ∩ D = ∅. Finally, we follow the onstrution
of Setion 3.1 with U being replaed by the union of all those disks.
This time we only have a nite number of bidisks and when we pull bak the
Green urrent near some point of E to an indeterminay point I in J∞, we may
have to hoose between the two bidisks entered at I in order to have a horizontal-
like map. We only get a nite subshift, but taking a ner over, we get more
preision on the deomposition (only on a smaller neighborhood of L∞). Somehow
the deomposition is not intrinsi beause we do not pull bak aording to the
itinerary but it assures that the Green urrent is not extremal in a neighborhood
of L∞.
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3.6 Examples
First let us explain our results in two examples where the dynamis at innity is
linear.
Example 1. Consider the ase where f∞ is given by u 7→ 2u and where the
indeterminay set is redued to (1, 0) with multipliity 1 in the (u, v) oordinates
(thanks to Proposition 2.4, we know this ase exists, take for example f(z, w) =
C(2z(z − w) + z, w(z − w)) for C large enough). Then, using Proposition 2.8, we
nd that:
• E = {pn = ( 12n , 0) n ≥ 0}.
• λn = 12n
• the matrix of the subshift is: 

1
2
1
4
1
8 . . .
1 0 0 . . .
0 1 0 . . .
.
.
.
.
.
.
.
.
.
.
.
.


An element α ∈ Σ an be written (pn1 , pn1−1, . . . , p0, pn2 , . . . , p0, . . . ) for some se-
quene (ni) in N. The dynamis in the spae of itineraries is simple: a point in Kα
where α0 = pn1 is sent near pn1−1 then near pn1−2 and so on untill it arrives near
p0, in whih ase it an be sent near any element of E sine p0 is an indeterminay
point.
Example 2. This time, we still take f∞ given by u 7→ 2u and we suppose that
the indeterminay points are I0 = (2, 0) and I1 = (1, 0) with multipliity 1 in the
(u, v) oordinates, so D = 3 (for example: f(z, w) = (2z(z−w)(z−2w)+z2, w(z−
w)(z− 2w))). In this ase, we have that f−1∞ I0 = I1. Again, using Proposition 2.8,
we nd that:
• E = {pn = ( 12n−1 , 0) n ≥ 0}.
• We have λ0 = λI0 = 13 , λ1 = λI1 = 49 , λpn = 42n+1 .
• The matrix of the subshift is:

1
3
4
9
4
27
4
34
. . .
1
2
1
3
1
9
1
33
. . .
0 1 0 0 . . .
0 0 1 0 . . .
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.


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The interesting fat here is that the entries of the seond row are not propor-
tionnal to the the slie mass, indeed a point near I1 will have "more hanes" to
be sent on ∆I0 by f sine f∞(I1) = I0.
Now, we onsider the ase were the indeterminay points are in the exeption-
nal set of f∞ (namely f
−1(I) = I). Observe that this ase does not satysfy the
hypothesis of Theorem 3.5 sine the indeterminay points are periodi.
Example 3. The method used to treat the example easily extends to the ase
where f∞ admits a totally invariant point (i.e. f
−1
∞ (e) = e) whih is equal to the
indeterminay set but for the sake of simpliity,we only onsider:
f : (z, w) 7→ (z3 + w2, zw2).
By Proposition 2.4, L∞ is f -attrating. We even have ‖f(z, w)‖ ≥ ‖(z, w)‖2
for ‖(z, w)‖ large enough. The meromorphi extension of f to P2 is given by:
f([Z :W : T ]) = [Z3+TW 2 : ZW 2 : T 3]. The indeterminay set of f is redued to
I0 = [0 : 1 : 0] and the dynamis at innity is given by f∞ : [z : w : 0] 7→ [z2 : w2 : 0]
(so f−1∞ (I0) = I0). Thus f is in G and is algebraially stable.
The topologial degree dt of f , whih is by denition the number of preimages
of a generi point, is equal to 8 (solve f(z, w) = (0, 1)). It is greater than the
algebrai degree.
We use the oordinates (u, v) = ( Z
W
, T
W
) in whih L∞ is given by (v = 0). The
map f beomes:
f : (u, v) 7→ (u3 + v
u
,
v3
u
)
.
In these oordinates, the point I0 beomes (0, 0). The map f∞ is given by u 7→ u2
for whih the Julia set J∞ is the unit irle (|u| = 1). We have the following
lemma:
Lemma 3.8 Let V = {(u, v), |u| < 12 and |v| < 14 |u|3}, then f(V ) ⊂ V .
Proof. Let (u, v) be in V . We hek:
|u3 + v|
|u| ≤ |u|
2 +
|v|
|u| <
1
4
+
|u|2
4
<
1
2
We also have the inequalities:
|u3 + v|
|u| ≥ |u|
2 − |v||u| > |u|
2 − |u|
2
4
>
1
2
|u|2
|v|3
|u| <
1
43
|u|8.
It is then suient to hek that:
1
43
|u|8 < 1
4
(
1
2
|u|2)3
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whih is obvious. 
We dedue from the lemma that V is in the Fatou set sine the sequene of iter-
ates is normal there. Let then D0 ⊂ D1 be disks on L∞ entered on I0, small enough
to be ontained in V , with f−1∞ (D0) ⋐ D1. Let D2 be a disk entered on [1 : 0 : 0]
ontaining the Julia set of f∞ with ∂D2 ⊂ V . We have that f−1(D2) ⋐ D2. We
an shrink those disks to have D1 ∩ D2 = ∅.
As in Proposition 3.1, we want to "thiken" those disks in order to have bidisks
suh that f denes by restrition horizontal-like maps between them. Close to I,
the norm of a point (in the (z, w) oordinates) is given by |v|−1, but next to
[1 : 0 : 0], it is ontroled by |u||v| so we use the oordinates (u
′, v′) = (T
Z
, W
Z
) there.
Then, we dene ∆0 = D0×(|v| < ε), ∆1 = D1×(|v| < ε) and ∆2 = D2×(|u′| < ε′).
Take ε and ε′ small enough so that the vertial boundaries of the bidisks are rela-
tively ompat in V . Observe that ∆1\∆0 ⊂ V is in the Fatou set of f .
Reall that sine I0 is an indeterminay point, any neighborhood of I0 is sent
on the whole L∞. Sine L∞ is f -attrating, and by uniform ontinuity of f away
from any neighborhood of I0, we an hose ε and ε
′
small enough so that:
• f : ∆1 → ∆0 denes a horizontal-like map of degree 3 denoted by f1,0
• f : ∆1 → ∆2 denes a horizontal-like map of degree 1 denoted by f1,2
• f : ∆2 → ∆2 denes a horizontal-like map of degree 2 denoted by f2,2
Next, we onsider the Green urrent T of f . We know that its support is ontained
in the Julia set of f (see [Sib99℄). So we know that in some neighborhood of innity,
T an be written as T1 + T2 where T1 and T2 are vertial positive losed urrents
in ∆0 ⊂ ∆1 and in ∆2. Pulling-bak T1 and T2 and using the invariane of T , we
see that:
1
3
f∗T = T = T1 + T2
So:
T1 =
1
3
f∗1,0T1 +
1
3
f∗1,2T2
T2 =
1
3
f∗2,2T2
Calling m1 and m2 the slie masses of T1 and T2, we an ompute them using the
previous equation and the fat that the pull-bak of a vertial urrent of slie mass
m by a horizontal-like map of degree d is of slie mass dm. So, we have:
m1 = m1 +
1
3
m2
m2 =
2
3
m2
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Hene, m2 = 0 and so T2 = 0. In partiular, the support of the Green urrent of f
is stritly ontained in the Julia set J sine the stable manifolds assoiated to the
Julia set J∞ of f∞ are in J but supp(T ) does not meet J∞. In [FS95℄, there is a
dierent example of suh phenomenon.
For ε > 0, we onsider the small perturbation fε dened by:
fε : (z, w) 7→ ((z + εw)z2 + w2, (z + εw)w2).
We hek that fε gives the same map at innity than f and that the indeterminay
point is now Iε = [−ε : 1 : 0]. We see that the preimages of Iε aumulate on the
Julia set of fε∞ and we have seen that they are on the support of the Green urrent
whih ontrasts with what happens for f .
Example 4. Consider the following families of polynomial maps:
f(z, w) =
(
zn1wn2zn +R1(z, w), z
n1wn2wn +R2(z, w)
)
g(z, w) =
(
zn
′
1wn
′
2wn
′
+R′1(z, w), z
n′
1wn
′
2zn
′
+R′2(z, w)
)
where the ni, n
′
i, n and n
′
are positive integers and the Ri and R
′
i are polynomials
of degree smaller than n1 + n2 + n and n
′
1 + n
′
2 + n
′
respetively hosen so that
L∞ is attrating for these polynomial mappings (use Proposition 2.4). The inde-
terminay set is then I = I(f) = I(g) = {[0 : 1 : 0], [1 : 0 : 0]} whih is totally
invariant by f∞ or g∞ (I is here the exeptional set of f∞ and g∞). Let us fous
on the rst ase, as both ases an be understood through the same method.
As in the previous example, we an deompose the Green urrent in a neigh-
boorhood of L∞ into T0 and T1 both being vertial in some bidisks ∆0 near
I0 = [0 : 1 : 0] and ∆1 near I1 = [1 : 0 : 0]. For α ∈ {0, 1}N, dene Kα :=
{p ∈ C2, s.t ∀k ∈ N, fk(p) ∈ ∆αk} ∪ {Iα(0)}, whih is non-empty sine the image
of any neighborhood of Ii ontains L∞. Let K be the union of all those sets. Dene
the matrix A = (aij) by:
A =
( n1+n
n1+n2+n
n2
n1+n2+n
n1
n1+n2+n
n2+n
n1+n2+n
)
We let λ0 =
n1
n1+n2
and λ1 =
n2
n1+n2
. Then, we dene the Borel measure ν on
{0, 1}N by:
ν({α ∈ {0, 1}N, α(0) = α0, . . . , α(n) = αn}) = λα0 ×
n−1∏
i=0
aαiαi+1 .
We know that ν is invariant and mixing for the left shift σ whih denes a subshift
on {0, 1}N (see Setion 3.2). As in Theorem 3.5, we pull bak T0 and T1 using
the horizontal-like maps dened by restriting f to the polydisks (in fat, we must
take a large ∆′i ontaining ∆i and the unit irle |u| = 1 and use the method of
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Setion 3.5). Iterating the proess, we obtain the following deomposition:
There exists an at most ountable set Θ ⊂ Σ suh that for all α in Σ\Θ, there
exists a urrent Tα supported on Kα of slie mass 1 suh that the Green urrent T
of f admits the following deomposition:
T =
∫
Σ
Tαdν(α)
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